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1. Introdugtions In the olassiocsl linear theory ef elasticity there is ' -

C b

oy

a widely used intezral theorem oalled ithe reeiprdoal theorem of Bstti
and Raylsigh., Sokolinikoff {1} and Love {2 have amply illustrated the

versetility of this theorem for elastostatisc problems while Payten {30+ ,
f4) , end Bsitin [5] have employed a dynamis version to study QIQGW L
problems involving moving point and line loedings. Pung (6] hase L

Lok

generalizad the theorem to sover the onaq. of & linsar vissoslastio
selid and his book contains reforences to versions of thi thevrem o
useful to thermoelasticity and shell thecrles,

In this papsr we intend to establish a dynamic resiprocal theorem
for a linesriszed theory of intoracting modia postulated in a peper by ' <
Steel [7]« The constituents of the mixture sre s linear slastic eoclid .
and a lineerly visoous ﬁ.uid. In addition to Steel's field equations
we use boundery oocnditions and inequalities on the material constants
thet have been Ehown by Atkin, Chadwick and Steel [8] to be sufficient
to guarentes uniquoncss of solution to initial-boundary vilue problems,

The olements of the thaory ars given in eection 2 end two different '.
boundary value problems aro considered. The reciprocel theorem is derived
in section 3 with the aid of the Leplace transform and the divergence
thoorem and this szoticn 15 conoluded with a discussicn of the special
osses which arise when ena of the oconstituents of the mixture is absents

Ae an illustration of the theorenm wa obtain the response of the ’l- o
mixture occupylng en infinite region end subjected to an impulsively
applied moving point load acting on the solid constituent. The
displacement of the molid ccoponent end the velooity of the fluid
emtimm? er9 found and dlacusesds This 4a the content of ceoticn B



vy

2. Pield equations for the mixturs. We formilate the fisld equations .~
sppropriste to & mixturs ef linear elastic solid and linearly visocus
' fluid uweing the fisld equations end boundery oenditions given dn [7] -

and [8]. A1l squaticns aré given roferred to & oartesian ccordinste :;*.'"-'. _1 ;
eysten x:= (xi,'xz,:;:a)g and time t. The mixture 4s assumed to ocogw' ' ; '
a regular rogion of thresdimensional Eual idean apace, D; with A
bounding surface, S. The conventional indiciesl subacript netsation _: l‘
is used to cpesify vector or tensor oomponsnts with sn index R |
sppearing tilce indlosting & oum over 1,2,3. Bubsoripts preceded by

a comma indicste spatial differentistion with reapact %o that nmbh
while time derivztives ere mdie&ted ty & dote _ o
According to {7} and (8], the f£isld mnm ewast'ef eau o
follwingl ' .

'I:. natio : . f’-}" ",

- 4 e .61(1 - @kk)ﬁ %j"'.;zvksk w0 : | (204)° X

o 8 e st

equations of Eatio , : L -

Oyg,5 =7y * Tty B B 0 R
| yjeg ¥Rt o8y =BTy 0 4 @ 1’:2'.5.-..' |
s&g;gg-disglmnmnt sgnations | " _
2@13 =% + Wyg s 1,3 = 1,23 o -_ : {2.3)

' azij W P ?;’f’ﬁ' s 493 m1,2,3 ", “' (2.0)
g@'é't.itutgga relations . | _
Gy melyg v oo, w00, 0, +ON8yy s PR
TAY Ty - T e ¢ 2ty A8y - IRy . (28)

L
ri

. td 5“ .“ '
7 o ddn, ey valy =) 1,30 1,23
. 8



\._g | R . . . , | -‘ ] '..
- To oomplete the forrmlation we add to the ebove t.ha initial cndbwﬂu'.r .

.
-

oonditions. Thue when t20 w3 require

, wi(x.OJ £2 wii)(x), '\F‘t(}:,O} - vii)(x) . )
(3:6)

‘.'1(300) = ??5_2)(3)9 ’?(3'-'90) e 0, 4=1,2,3 ' o .
: for all points x 4n D; whilo on tha,boﬁndary 8 .m presoribe for =0
(0, +Zs.0n, @ t, » ' ' B
i 373 1 .
: (2.7) .

;'1 “V, =Yy o 4 m 1..2.3

where n, sre the compomntu of the unit cutward normn]. to B,
| Quantities appearin,;, in 12.1) to (2.5) which are assocoiated with
the solid component of the mixture are ¢, 91 » ¥y o ®54 ¢ 013 and 21 .
Hars 24 is ths donsity at time t and place x, p >0 its initial velue,
vy the displaocement components, fi the body foroce components;, and
N '1.1 y Oy 39 reapoatively, tho strain end parthl stress tensor

. ‘ecmponsnte In the fluld; 5 is the ocurrent demsity minus ite initial
value, 323'0, vy the fluid veloglity components, fi;} the
rate-of-dsformation tensor, iy 3 the fluld partiel stress tensor, anmd

g4 the fluid bedy force cemrements. The veotor oomponents %, in {2.5)
ars thoeo of the diffusive reelstonce veotors The materiad constante
g oy, iy By .ﬁs sByAs 7y o T, tnd @ eve assuned to obey the

- dnequalities given 4n B8] as well as the equalities

$20,+9, -!
.\ o LY -f‘ m"_ . (zge)g.
o0 040
"zﬁl“ Fg * ":?:'E' * -;’&'g .
¢ 14

(1) 2 1 A
Quantities w," “1( )s 75_( ). t’i and 7y ere sssumed kmown throughout ¢

_the appropriate domoirma, ’ ' .

# This follows from thoe definition ef ﬁi N ﬁz ? ﬂa 27y 0 75 given
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How oonaider & soosnd problem for the eamo regicm D- I.et tha '

eomapemmg f4018 equationa for this problem be <l , g
i | (2) a0 7, {1 - By B oot @z"k @05 '.'='. ,-'-‘i 3 , (2,4)°

P T AL

o w -
e
1

1Jn3

Ly 2By =W, 4 * Y J4 % 4y ® 1,2,3 I (2.3) ,

- Yy . .

‘€ 12. 2F13 - v193'¢ ngi o 1,4 m1,2,3 L ‘”i.;t'-fr;-i§293)u
313 '“1613 » 2%313 o ‘Qz&sﬁ& % ﬁlEa

7 P
P, a=b E wﬂnm . -w(u -V, 1,3 = 1,3,3. to
@ . ".:. ‘.l.-"l
Ia place of (2:6) and (2:7) we require that when te O. 'fé{j- SRELIN

- (x,O) - u(l)(x), v, (2,0) = V“}(x) .
C s s f246)0
7, (x40) mwggj(s:)n Bxy0) 20, &rmi,23 ' i
- at all points = eﬁ“Da and when % 4o on 8, L “--“" e
(Syy# Pyging =Ty s | T (e
W eV ER, 4m1,2,3 PR
- Equatdons (2.1)? to (2,7)® differ from (2.1) to (2.7) only 4n
allowing diff@rant bedy forowa, initie) conditions and eurfacs ‘
'eonditionuo The notational changoe are cbvious and are used for )
the eske of slerity in whet followe, _ i |
| In the next coctisn wo intend to ehow that there axiste en RRTE
.‘!.nt@jgm& ;mil.a%im botwoon thn sclutions of problem 1 Epooiﬁod‘ o

e iiow
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by (2.4) to (2.7) and the solutions of problem 2 given by (2.1)¢ to
" (2.7)%. Thde relation is eoteblishsd with the aid of the Laplaose
. tranaform end the divergenos thsorem. .

3. The '!_.y.'-

gl thoorem. Yo bagin by deﬁni.ng tho hplaco trmsfm
with respeot to tins of o funstion 2{t) to ba .

Hoym [ otwde™®tae 0 | (:m)
- and by resalling thﬁat ths imsma of the pwcdmt of fi(l)fz(l) Ly -
" given by _ S SR
o v (eE(e) =j fi(t.n‘a')fz@r)d? . EE N 2 Y
Applying (3.1) to (zaz), (2:2) and (3.5), md, mag tho muaa.

" conditions (2.6) wo ohmm ‘

”Q(xsﬁ} + 92 mgm(“-e@) =0, ; - ‘ :..: j.j {3:3)
by e sy s F R e

1a wg.“(x) - r.fga)(x) - o %ﬁ(x,a)!"g o | L N (?9‘&)
gy, gtmes) +iey i) 4 Gy Bymes) @ T o

Bl v;a,m(zz) ot (msd] o 4@ 1523

ey |
aia('%@) a8 o 6$j + ﬁa 3-3 kk&'s’) + 2{?3 13(395) *ﬁiﬁuﬂﬁts')o ;'
S :
1.1%'? .,..g.,g 8y = 738 Fraclis) * 2#“1 J(x,e) v

ﬂdgm(Rﬂa) 9?1&&3?[(398)9 :. :‘ . -‘" -:‘. ;. ‘3;5)

. ey e Ypa.s
—

5(393) ...;1.&;3 ,‘(mm - "‘2“‘&%: 1(395) * -

e i v

t. ot ¢, ib ‘g__ R .' . "'“‘ .



- The houndary eenditions (2.7) when tronaferned by (341) badm o
[aidcxla) +W13(x.e)ﬂnd & titzzp‘) » ' '

- (3:6)
o wf')(x) + ot (2,8) = ¥y (xs0) = $,{x,0) o 1,5 = 1,2,3 G

for x on the surface S. ‘ o _
Now consider the sclution to (2.1)% to (2.7)¢ to be given bty
(x,t) and V, (xz;t). i:.pply (3:1) to this solutien, mupw (3.!&);

ﬁ 4{xs8) and (3:4), by V s (Zo8)s tnera sum on 1- Imocrau both _:.
aquations evor D and edd. Wa then have ‘
fff{’ (x’ﬂnaid 3(3!5) "33'1(3:")1 *

91(xas}ﬁ 1, 3(%00) + 7, (=y0)]} dp = -
fﬂ{a (x,s){n ﬁli‘i(zaa) & 91( (2)(::)'- 1)(::) + 8 1(:,;))]
BEEL G0 )(Tyle v “’zx) . syiizw)) -Pzﬁifx,s)lﬁd? o (7).
';'nm'm | P o

N | i 30

fff 1y, 488 5 . S
Iu" ﬂ'f 9155'& a7 o - .
. B
Mtexxes

jﬂ‘“ 1.53 ‘ﬁﬂ.mg“" o
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*and thia ‘form in turn, upon using the divsrgems the@mg (243); (aaﬁa)g "

| {303)'9 {3@1)3 (393) and (395339 booomes - S ‘. . e g _‘:“ ,
o ff dGmae B At

. 8 . ) : , T g

' @gi o o | & - . : ; -

f.g | ﬁ“&.ﬁ%‘" %13 ‘*ﬂ”z**’ka,ic Syt gt hye)

= ' N , b
@ . ]& .
“ s mam 8 13 ¥

An applicetion of the divergence theorem to the new volume integral o
mma' - R

Ii ff [<f 101 475 "“1 My Wl wd”d 2"’3&15%1ﬁ3'
+gzﬂ1E Vj j] dg .

\ i f!f ! wi(Zﬁ3E139 +ﬂ2Ejj,1) - @Zﬂl 33s 1‘1?1! ar e
If\n noY Vs (2.1)29 (2.5)1 end {J.1) to eliminate Eij’ then
11 = ff 188 1) ~ayfin, o diyn 3‘313 038y @zﬁx Fadsg)
EICEWARED |

. - 9 ﬂ ) - " '
« [if Ewi(_sij'gj -2l Fiae,a) = 08,4 4% ] or o
) _ .

nmny, use (391); (2:1)45 (22)f5 (205)4 and .(2.6)° to ebtain

ff o 1"13 3" 1 Ay o '*1"4@13 ybyy ¢ 52@%:513’ o

"+ BB ny ] a0

b

S : . |
i *fﬂf{ { zﬁ ﬁldci. ?13" +91(szw »uw( ) .3(33)

B.
 alof - "’i”" 9,) - 2 By _L& b i}
: 7
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its £inal form. o : N

Eliminating the detaile, which zwre aimﬂaz- to Iig we give the fm
-forms which the remaining integrels in (3.8} takes The mmm oy *‘ |
Iag 33, and Il' beooms . , o, f," |

A ‘ ST T
"ﬁ I“‘—ggm«"i“i - Yfny) ) B T S + U

<3

N ’ A a - ' 't .
R ¢_§-L(mi§kkni = fkk“i}gd-* SRR |

*@

l. ‘.' lb,fff aaft (sw - wi ) (i)) nﬁ_—;z B 1v1 .
. B @
. ! sB.et . |

| ‘;,r’ - «%—lﬁiﬁ

I

a5 ff Uyt gng _9____2;"3 &“i =9y @13 ¥ _ﬁg éi.‘] * 32&%)
s 1 B "

* Tehyinmy ) 4o
AN 1 5.5 ) . .
| 4 fﬂﬂ'%'g f"m,m = 7 2fsmy a1

A 7zEkk 3 =

W

mi”’("vm “1’

Lt L
“ ah
N L]

] 8. " | (5010 f

f.‘*';- aal mmﬁ A EE o 7 tan)
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: ;“ n ‘ f! E —1:6-3:;& (7, .0, = 5‘1&*\1‘{%

-I--:_i (Fkk"i"i - 91'“?‘1)1 do o "_.‘47 '.

Faad dre o
Exprouiona {3.9) to (3.i2) are now used in (3;7) end volume ms mu-ma
. surfece integrals cre oollootode If, new we recall the material .+
identity (2.8) and 12 wo apply (3:1) to the boundary mumm'f o
(2.7), (2..?)' and use thess results in the eurface li.ntocru, wo |
if, achieve r | | , -‘.:-;\l'l-‘: e
3 ?‘1 .g.'f, =0 . ' | 3 (3:13) |
. IR e
£1 ff“ oW, ( 91? + 6y w2 "'“"m "'"51"9)) Lo
' f. _:"‘ #? %31*93 1( )-azw“)) ‘ .
CARANRY w(z) +aw§“ + -ﬁiwin) o
Sl TR e caev)er, L 0w

g, {n Leb, + )G, + "ﬁ——*'% I
R .4.__& s._&v

* 31‘ ’1,1 - " 43,1

.._fx

.ﬁl g
.

J.T»

-~
L .-‘A...,--
e LT R
o, R

o

-

. . SR R
LS S
s wodn



, - § (o + 5)(F, + 24 8y 50 i
o s | '!'
: + G0 2 5,54 -
mé‘g‘ (si_j ”Pij o R 613 *f_sé:&'aﬁkkaij) s
2 5 - ' : ', '
+ .,g_g‘f.z. Badsyinyl ao - | (3.45),

Equation (3.13) 1o the statemsnt of the resiprocal in the transformed
varicbles: A direct inversion o0 resl time yislds the finel form -
R of the theorem end this cen be mecompliaﬁed by meens of the oemv;dum_. ‘- _'
 {342). VWe give several versicns that sve usefule o s
'R. Zero initia) dats. If the initisl conditions (2.6}, (2.8)° are
. homogenaous then by (3.2) and (3.13) to (3.15) we cbtsin

8w, (x,
]jfj! O =t -8 ) gt & N 2N $,0, (ot = g)vitxpg)]d-rdg

Uf I3 8utest - g mgloy o) oyl
2 9.0
-ty i, oy e ﬁxezwig*“““ ;dg(xeg)ﬁus

. Qw, (=, §) D
+ 3¢ :éﬁ.i. TRAC T (AR e

+ ( 752% - @, )8, JnJ(::)H,(tog)}E dg dg_

h ) I
LI R - D G gl ey
8 ¢.£ jj;g & l‘ﬁ’(xnf- -g)nj(x)[sw(x,g) 3 CH | | ‘ NS
el i 2 5. | 25 .
U (or, + qzaf.xrg)dii‘1 - -n—_g_%nﬁ E(x,g)aid + -%& g;??(?.g)ﬁu’

b ,; r*‘“ﬁ“ V) { tylxyt « 2)

+ Gty ma8 o ne - p)}) o . L (3.16)
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 Ba Inf*gite zogim If in place of (247) and (2.7)° we use tho o ,
~condition that velooities and stresses vanish as distarioe iaw-uon
. from the origin then from (3.16) there remains - ’ - |
A o
fjff[ o4 1‘*’*" g 93 1(‘lt“hitxsz)] df d! BRA

~and the fluld equations are obtatned from (2.1) to (27) by
oqu‘t.:lng to gero the oinstants < o

I ff! [ 042, (xst-}) Q‘L'_ + 0,8, (xotf)V J(of) ] ar af o (Soﬁ?)
It 1s tm- version that we will use in seotion 4. | S
c. M&iﬂ!ﬂi If one of the constituents is abaent thon
trcn {3.13) to (3.15) we obtain a reoiprocity relation walid for. .

. ; RN

.-'_ s neat elastio 8olid or a linearly viscous finid wlones = gﬁ o

Suppose first that the sclid 4s. abcent. Taen ¢y = 0y @, -9

“19 ﬂtopzo ﬂ3a 71. 7zmd¢

. and by identifying A s a8 the viscosities ad oaz . pwuh the

nuid prossure in tho vect states .

‘Making these e.dsultmnt and rephoi.ng thd boundcw oend!.t.i.m
(z.v) by either '

"L er _ S - o
L venes L o

tm. mns (3.1&) and earo me.m am. (3.11») md (3.15) .mu

s ."- e
‘4 B ) -_ '. . ‘\ . ! . - ' . ;‘- . . ' e . . .
N . . .. i, . i . ' LI : B S T .
. B . . . . . R . AR . T ..
. 3 . LI P ' . T, . P I
L EETE PRI '. . . . R . .. g s A S h, K l.
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f fff TaymtBn el eral | |
"-*f jf 1('39%)%%(39"3)*9“1(‘)3(?'@3}3ﬁﬁd% e

DR | |
VI FoytasteBivy (x,) av af
. 0 B ‘

,n. #

° {t If v Ty (x5 tg) + Ty ()B(tE)] 40 &f o | (mﬂ
05 - | | -

Similarly, if the fluid component 15. absent, then .étiﬁ 9.4 | - ‘

L @y ™ Oy mdwe get equal to sero " _

a A sy By 7y @y &, e

- We Adentify ff,, fl; as tho Lamo constants. end replace tho bmmdnry

' ecnditions (2:7) by oither gy g =ty ox vy awy on Be | . ‘

: i‘ " Hence, using zero im.tial data, and pmsorlbing tmotim bmndnry
_conditiona on S yielde from (3.13) to (3,15) y; .-.'?‘.- R

j fff oW ("»g)fﬂ_(x.t-g) m- ';i

& +1 ff e le-D) arel R

‘l fff Wa(xsg)ﬂ',(xat-g) dr &

J jj aiﬁxaé)%(spt-é)d@dﬁ 'f B '-%-"34@3

. wtoh 10 o ‘W fora °f the som-a-mm thuwu m,
‘“f e e e A I :i- Y 3 :' 't.. i

o < , ! el . BN SN AP
& R P L Lo T R N R P R
’ ' * } T . * N ) i

k - KRR IR ! B
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. i '
b Motden of o wizture of & linser elestio solid and visgous 7
 dus te g roviny pofint lsndo : . o

As & preliminsry problen wo seek wi(x,t)g im 193.3 Iatiafﬂ.nc
(201) to (245) and hemogencous inAtisl conditiona,
w, {50} = 1, (2,0) 2@ v, (%,0)-= 0y 1 = 52,3
a(x,0) = 0 ' L (u.a)’
for ‘ths infinito reglien definod by ==<x; 5 %, s Koo and tB 0. v
plac@ ol (2.7) we require w,(x,t), ¥ (xgt)g 044 aniu‘id
vanish as (r.iz’i) increases without bound. - ; .' ;;'_
' In part\iaular va conelder Lody forcss to be given by
?(xgzzegt) B.gg a(x, « ::10)6(::2 > i.zo) 6(::3 - x3°)'6(§) , |
E(xax@,;ﬂz} 2 ?1 E(xy = x44) 6(x, = x,4) 6(x3 - x3°) &(t) (‘t;'oZ)
vhers Efi is tho unit veetor in the %, direction and 8 is the
Dirao 22)ia Dumctione 'Zit‘he symbol ? etands for the usual veoter

. at.atemnt f = i‘i g

-| fin&ing w{ gxo,,t) at plece 1t and at time ¢ due to & undt fores

phrodcal problem doscribed above corvesponds to that of r

aprlied at x, In the direoticn perallel to the kj exis at 190, -
The vostora sought elearly play iho role ef Greens funotions for

'tha thao*gr used haroe

The pro¥len has beon cramined in [9) end {10] for the body o .

fores loading {#.2) with 3 = 0 and with severel restriectioms en

© the material ccnstantes In [9], the solution was given for @<y

the diffusive meslistanco psremeisr, sero for the casas when-the

fluid 4o Lwlsadd op viscosuse In [10], the sems problem wves = .

| examinod by wodne (4) on cavly tine approximstien and (2) &



~ perturkation expansion for o emalle In additicn to emall & we used

- the rostrioctiens, which can be removed R

: o ' ' U T
: @ & - 9 m - ' . B "!' .-‘ Y
P Bfe -f;ﬂ*- ) 87, = -%5-’* o Tty w6 (he3):

Thie last ocase 45 used hore. . ‘ _
From {10) wo take tho solution uy{xyxget)y valid for & mll
" and subjeot to (201) - (2.5), (&9139 (4+3) and (u.a) wm 6 -’6’
. t0 be terme up to order & '

\fl(xﬂxoet) m 2 1(xgxoat) » V ) i .. ' ’;'_. (‘50‘5)'
Rl . |

t(x, - %), = % 0)

W, (::?::Q,t) - ’h?Rg - 32Fx;-x6’-t), vm 2;3; ('&-5) |
b (xy em)? R ( ? Ry,
1‘:.30'%) = T '-;10 5(1‘. - _;9,) & [1 - .l‘.:_i,.;._]% ﬁ(t . -vs’
i ey Ry L By 8 S

. ,‘ 3(::& xm) o | , Ry,
B . 1}[1«-—«&--—)) S
ST S &2
(2, =
- mgiﬁ__ﬁ&- . 1](1 oo ) Bt-s -°-) k)
0 1 .

T4
L
Je

o o 2"- = -non IL ) SR ¢ o
‘ ?2(gpgo,t)~n o 6{% : “1??‘% (e :-;‘%) S , 12% o

R

e fteZ e reagh g
SRl el

T o R ‘ R o . h '
- -’.‘:.-%;ga_a:é: (6 = 5] Bt ﬁ)._-- oy Gy
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X ' "

- The wafe specds afv =0 aro asami&t@d with the elestis componsnt

~and ars defined by ci =i f 9,5 v uﬁgf 9y o Ry is the aphmoa:!.
diatanoe u2asured from ths point Xq o '

‘.

Expressions fer the fluid volooity components were alse found .
in {10) but sines wo do not intend to use them here they wili net

bs reproduced,

Lot ua now consider the same problem with £ = 0 in (5.2)s

' Pollowing the methoda presented in [10] we f:l.rat tranelate the
. origin to the point Xgo Then using the Fourier axponantial

transforn on eash of tho aps.as varisbles and the Le.pllaa transform

" om: the tﬁm verdsklo the ecmetione (2. 1) - (255)9 (lé».!.) and '(4:3)

If we miitiply (%.8) by A, and ma, the raaulting expressicns
oan be uged to eliminate the t@mm% m”A o Dolng mqw,_
solving, @ 45 found to bo L

Fleld :
; .’.j“jm:ig mﬁ?Mm w‘j "% :;@:L ERAT i :(aa.m
it i |
.41 Edicﬁ:}/‘l‘i) "pAA tat b fé'a P
. : _; 2 (%9}
A@ ﬁ‘éb(’&j‘%}"ﬁ ﬁBAJAJ -#aa;; * fyp° _
~The notatien #, vepresents
2 .‘x.A,dx
D SaAyAadap) o -;-)57- jjf j 3, txpx,_.xa.tm % hz%
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waﬁ. - (k “3‘% ** fki "ﬂJMiz p ™ 39 39 (%10)
. Witk no sum on v ; and g . '. [EERE.
A) @ "6+ L b :

ﬁzﬂﬁd) : kZAJAJ 9, P - inst).
240 = Ay rap + 5, F u
Fourier inversion of (4.10) is escomplished in two steps. i
- The denominator of (4.10) is fectored into quadratics inAf end R
(4.10) is expm_d;d by partlal fraotions involving these faotors, ,
" Inversicn with rospast i‘.':,w‘li ie then eesily performed. The inversion ~
with respect tod &3 13 next and 48 made eesier if cne exploits |
., rotational symmetry of the expressions.
| | _ Tho not result of those two opsrations leaves the fumetion

R (xlgxszagp) with the inversion of the Laple.oe transform remaining,
At this atage we introduoe the psrturbaticn in small & and reta.‘m
only the leading tam in ¢the expansion. We have then for W (xgp)g
-. %0 torms of order &,

| . ‘ A |
:;‘.. w ROP’ -,.LE-! > _ E‘((" - ‘5;; fitpupxipn)l e pﬂ&n . ¥ C o
o IIQP(P-"‘“A'i e :
e opR, ' .
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plp %5).'
47.x, (8 7 + 8 .%n)
- AZ?RB = | 0 fe (3’3”3) e
1 it,p(p -»-m@-%
* fa(mpa) @ ¥ ! @ - { 2("1’3)
,&p(p - '“am)
. rz(pz,n)tsm i HE

"2"51

(412)

(15.12) the p,. 18 k&b, represont tho factors involved in the

A inveraion and to the first order in o aro defined by

' v

D
o 3 o °

" P @ P P '
g ppm(E=, e =<—§;2->‘}

- Incédit.tmwe have alsouaed R= (x1 -M: +x )%
d 2
3:;
LN LY -) +LGoaed

£(PsR) B 1 4= b de | km1,2.3,6,

Rpk Rzz ®

1

Reig

=

] (Ba2d) -

_ " A direot term by tem for the leading terms of (4.12))given the

. diaphoement for early time;

o &g, (3 + 4
e 5 » (xaf-) @ Tﬁl @l(xst) * ELM G (395) N (“'015)

1 , hafy
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Tho new notation intrcducod into (4916) 1s the repoated ﬁ.ntam o
ot t.hc error funotion 1" Erfo(i) deﬁned by | e Lo
| gkm.m of lazehar, e OodaZaons - SEROREI
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. Wo shall now consider the solid displaceément and fludd wlwiw

field produced by a moving-point forss. Let o point fores be '

susidenly applied on the selid amsmtu@m ot the origin at tims :
¢ ® 0 and maintained at & conatent vaslotmy ¥ aleng pasﬂ.tﬂm szgua:ﬁ.a,

© that is, we let inm (3.14) ' ' '
Flxst) = &y 8 )6, )3(sy0 vt)

G{x,t) = 0,

' (%17) '

. "'+ 'The'dioplacement fiold of the sclid component is %o be found .
 frst, Sinoe wo want to have the dlaplecenent field and not the e

veloolty field of the solid oompenent, we go baak to the ncip'noa.‘a.
statement in tho transfemed variables {313} = (3:15) inetesad o&‘

‘utilising (3.1?}. With tha ald of (4o2) with g = O and (4.17),
_wé got a direot invereien of (3.13) e (3.15) to resl time in the
: f‘lnal form

| j fff ?4Fylmt = § }"1 "?“g f fff T8y 0nt = 2 W, enge (&.ﬁe)
' Evonthuugh ws are dealing with the mixtura, the relation, (#518)5 B

. betwesn the diaplssoment Liolde subjeoted to (4.2) with g =0 .. :A ':
and (417) appears to be that of the single senstituent (3.20)s -

| -To determino the colid displacement W, subject te C#.l?), ._
 pubstitute (#,2) with ¥ o 0 and (bub) = (6.7 into (418)s Toem,
porforning the integrotion glves




20 e,

5iptlarlys employing F{x,x,t) = a, 5‘*"1“ﬁo’ﬁf"a"‘zo)@("a‘%o’m’ﬂ

snd thsn f(xnxogt) = 336(31"°§10)6(3\:2‘ 2G)ﬁ(x3ﬁx3°)5(t§9 mﬂﬁ
: pez'foming the intsgration (4.18) zive »

i
Y2 S, )

t (& = £)F, (33520507, 0,0,0, t=F)
R
where wo used the notation R(}) z L xf & ccg + (xa 374 )2} 2,
‘ Fifxi.xz,xsgxio,xzogxw,t) Fi(x;rzoggb with vactor notation
~ being underetood in (4.8) and {4s7).

Ths velocity field of the £luid component may be easily

1

H, =
3w,

g {t=¢ )KEEEQ 14 )Fa(xz pxgexy@mmﬁot-&} dg t‘i.-.

: ‘1 " (34019,3

(u;w)z'}'f'-

+

‘‘‘‘‘
l

- found by ths raéipraoml velation (3,17} Considering the initial
" . and vegular conditions, (L4.2) with ?m 0, and (4.17), we go't from

. (317)
* Qg)

ow (Rag)

where a'E'm 12 the derivative with respeot to time miablo g
.-, from the displacement (8.15).

fjf! 4 1(x’t’g) gg-m drdf quff 9251(&1»-&)?1(::.@ dfﬂg )

To c!etemim V, subjeot o (%1739 wo substitute (uoz) with

o TE 0 and (5015) Luto (5520), thes wo g@'& [ perfoming the
| im@a?x'atien
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 Bimilerly, by employing g(xoxgot) a & B(xiqxio)ﬁ(xz-xw)a{x «w}&(tj.
aﬁxsxopt) = a 5(:: nxw)ﬁfxa 20)5(:@3%230}5(%)9 end psrfming a

tho intagraticn {%.20) we ga%’. : L R .
v, ”‘E’ig %%y B{R(E); t@gidg L o '(uozﬂz ’:5_‘_
m By Gty g oV 0050,88) 08 L R ),
 where K (xgxo,,"u) . (x-xc,t) are detined to be fron (Ms; s L
“;r(xpt) n_.j:-f.:.w ' L R
L Be(xt)
A a@n)aaim - (M&)

Por the m'oegution of (4e19) end (4.21),a caretul sonsidentim 5‘».‘ '
. must bo given to the behavior of the funotion
31<g)n.=g.,ﬁ£§-2, o) =t - 5 -BEY,
" beeausa ‘the integral of’ (8019} end (4.21) depend upen the werosa
o gi(g). B,{8)} end upon the interval where gl(é)s szfg) take
positive values. Since the behavior of & similer funotion for the il
slastic solld was 4llustrated in [3], we omit the duplication. |
| The final solid displecement and fluid velooity fislds are
 sfound %o be dn polar aylindrical coordinates (r, @, s)6.: -

' ;,"_'!; o
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o : Y S 3
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g ’ note that R0 ia caeh 29 ¢he rogien where B(te g)si and 8{a)els - '
Tho exomonstens B, log%t)s 4 @ £580 & = 13, ave given on page-27s -
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‘.the wave vsloodty w, but less than o4 then there 18 & regim \rhalo
points satiefy %

s(v,) = 0. Thoreforey the sclid ddsplacement and fluld veleoity

Simple observation shows that the, eclld displecement and fluid veld h

. valeoity fiolds for the mixiure oxhibit components that depend upon

the solid wave velooities 85 va' and a diffusive oomp&mnt depanding
‘upon the fiuid viscositiec and k.. |

K]

Mopreover, if the wveloolty of the moving force 18 gmatsr than = %

1
2
R> ¥, % and t--;}" r(——ﬂ-ui)zao .

. Ynside this region we have S{yg) =1 and ‘out side this regien

, Tields have & oomnron propagating conloal wave fronts

X 2 , : )
t - -%; = 5(-1-’—5 = 1) = 0, besides the spherical one, R=y;t. Similarly
y2

)
if the veloolty of the moving force 1g greater than the wave

veloolty o4 then thewe are two conical regiems in whioh S(°1) =8

. or 5(v,) = 1 tut cuteide the regions S(c;) = 0 end s{v,) = 0,

thero:l‘ereg the sollid displacamnt and fluld velocity fields have

. two common prepegating conloal vave fronts basides the apherioal ‘

mae

The solild diaplscément and the fluid velooity fields have -

"singularities end beceme urbounded when R, = 0 80 the singularities

“oecur at Xy =yt ¢ = 0 if vy, and at theo oconioal surfaces

: i b
x 3

t ":y - El(%)a » 1} o 0 Af y>o whers o play the role of

v

'omo orc =Y, o

8 _ )
Pinally wo cbservo that the fluid velocity fisld are of

: order @ for both wave and d.'i‘;fms?we somponeritee If ¢ Wers 2670y

the fluid Pesponse would be ddentieslly sercs On the other hand,
: . . T + c.
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tho s0lid displacement in the ctze of e ) mduoas to e.m o the e‘lul-,io
~ the olutio ea].iﬁ oase (33 e o
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